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I Integral Equations and Operator Theory
has g negative squares. It was shown in [KL 1] (see also [ADRS] ) that the function O E S. has ~ poles in D, say al,..., a~, and that the function
j=l 1 --~jz belongs to the class So. In other words, a function of the class $~ admits a factorization as an inverse Blaschke product of order ~ times a function of the class ,So.
*These authors acknowledge support of the Fonds zur Fhrderung der wissenschaftlichen Forschung of Austria, Project P 12176 MAT.
A function of the class A/'~ has zeros in the upper half plane C + and generalized zeros of nonpositive type on the extended real axis of total multiplicity n (for the definitions see Section 2 below) and also poles in C + and generalized poles of nonpositive type on the extended real axis of total multiplicity n, see [KL3] , [L] . Although representations of a function O 6 N'~ involving its poles and generalized poles of nonpositive type have been known for a long time (see [KL 2], [DaL] or (4) below), an analogous factorization result as for the class S~ was not known. It is the aim of this note to show that such a factorization exists, namely we shall prove:
Theorem:
Let the function Q E N'~ be given. If a is a nonreal pole or a real generalized pole of nonpositive type of Q and ~3 is a nonreal zero or a real generalized zero of nonpositive type of Q, then the function
belongs to the class N'~-I. If oc is a generalized pole of nonpositive type of Q and ,~ is a nonreal zero or a real generalized zero of nonpositive type of Q, then the function
belongs to the class H~-I, if oz is a generalized zero of nonpositive type of Q and a is a nonreal pole or a real generalized pole of nonpositive type of Q, then the function
belongs to the class Af~-l.
Corollary: Let the function Q E Af~ be given. If ax,...,a~ 1 are the poles in C + and the generalized poles of nonpositive type of Q on • and ill,... ,/3~2 are the zeros in C + and the generalized zeros of nonpositive type of Q on R, all counted according to their multiplicities, then the function
belongs to the class No.
Since a point of the extended complex plane cannot be a (generalized) zero and a (generalized) pole at the same time, in the Corollary at least one of the numbers nl, n~ equals ~, and if e.g. ~1 < n, then oo is a pole of nonpositive type of multiplicity n -nl. The proof of the Theorem will be given in the next section.
In the special case where oc is a generalized pole of nonpositive type of multiplicity of Q the Corollary plays a role in the study of Sturm-Liouville operators with singular potentials, see [DLSZ] . This result was proved by A. Dijksma and Yu. Shondin in their lecture at the M.G. Kre~n conference in Odessa 1997, in the more general form above it was formulated by H. Langer at the IWOTA 98 in Groningen. Shortly after this workshop a proof of the Corollary was given by V. Derkach, S. Hassi and H.S.V. de Shoo, see [DHS] .
2. Although in the original definition of a generalized pole of nonpositive type of a function Q E N'~ the operator representation of Q is involved, for our purpose the following characterization of generalized poles and zeros of nonpositive type is sufficient, see [L] : /3 E R is a generalized zero of nonpositive type of multiplicity 7r of Q if the following two conditions are satisfied: Observe that the multiplicity of a nonreal zero or pole of Q is its order, whereas e.g. an isolated real generalized zero of nonpositive type of multiplicity 7r is a zero of Q of order 27r -1, 27r or 27r + i.
The essential tool for the proof of the Theorem is the following integral representation of the function Q E Af~ which was proved e.g. in [DaL] : We fix some positive number Y0 such that iyo e p(Q). Then Q admits the representation 1 tz + yg da(t) + E blzl ..,a~ are the poles of Q in C + and its generalized poles of nonpositive type on R, counted according to their multiplicities, and b0,..., b2~+1 are real numbers, b2~+1 _> 0. Now let ~ E C+UR be a zero in C + or a generalized zero of nonpositive type of Q. Then the measure at:
is finite. Indeed, if/3 is nonreal this is obvious; if ~ is a generalized zero of nonpositive type, property 1. implies that for arbitrary 5 > 0 the limit
~+~ da(t)
-lim n-~0+lim . 
is a polynomial of degree < 2~ + 1. By a suitable choice of the real numbers a0, al,..., a2~-1 the degree of the polynomial A can be reduced to _< 1. Therefore, if/3 is nonreal, this polynomial A has the two zeros/3 and fl, if 3 is real then ~3 is a zero of second order of A, hence A(z) = 0 and R = Q follows. Next we show that the function Q1 in (1) belongs to the class N'~-I. To this end we first observe that Q1 E N'~,, for some ~' E N, since any product r(z)r(-2)Q(z ) of a function Q 6 N'~ and a rational function r has this property. The number ~' we shall determine as the total multiplicity of all the zeros in C + and the generalized zeros of nonpositive type of Q1.
Evidently, with the only exception of/3 the zeros of Q and Q1 in the upper half plane coincide, including multiplicities. If/3 is a nonreal zero of multiplicity 7r of Q then it is a zero of multiplicity zr -1 of QI. If/3 is a real generalized zero of nonpositive type of Q of multiplicity 7r then the relations 1., 2. and the equality lira Ql(z____~) _ la_ /312 . lim Q(z) z-;~ (z -9) m ~4z (z -/3)0+2
for m = 1,... ,27r -1 imply that /3 E N is a generalized zero of nonpositive type of QI of multiplicity rr -l. We mention that if/3 E [~ is a generalized zero of Q of multiplicity 1 it can also become a pole of Q1, but since then 7 < 0 this pole is not of nonpositive type. Similar considerations show that every generalized zero of nonpositive type of Q, except/3 is also a generalized zero of nonpositive type of Q1 of the same multiplicity, and that the generalized pole a of nonpositive type of Q cannot become a generalized zero of nonpositive type of Q1-Summing up we find that the zeros in C + and generalized zeros in I~ of Q1 coincide with those of Q with the exception of fl, for which the multiplicity is reduced by 1. Thus the total multiplicity of the zeros in C + and generalized zeros in If{ of Q1 is n -1, and Q1 ff N'~-I follows. The claims about the functions in (2) and (3) can be proved analogously, or they can be derived by means of the M6bius transformation from the first statement.
